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In the paper [1] it was shown that flat, barotropic Friedmann-Robertson-Walker universes are free
of the cosmological singularity (in the region − 3
2
 !  − 4
3
, 0 < γ < 2 of the parameter space) when
modeled with the help of the Jordan frame formulation of general relativity. In the present paper
we further extend the results of [1] to open universes by studying the Raychaudhuri equation. It is
shown that these universes are singularity free too in the above region of the parameter space. Exact
analytic solutions are found for open Friedmann-Robertson-Walker dust-lled and radiation-lled




In a recent paper [1] we showed that the cosmological singularity that is always present in the usual, Einstein
frame (EF) formulation of general relativity (GR) with an extra (massless) scalar eld, may be removed when we
work in the Jordan frame (JF) representation of this theory (in the ’plus’ branch of the solution [1]). This result was
obtained for Friedmann-Robertson-Walker(FRW) flat universes lled with a barotropic perfect fluid. The absence
of singularities in the Jordan frame was expected since in the ’+’ branch of the JF solution Rmnkmkn is negative
denite (in the given region of the parameter space) for any non-spacelike vector k. This means that the relevant
singularity theorems may not hold. This is in contradiction with the Einstein frame formulation where R^mnk^mk^n is
non-negative and a space-like singularity at the beginning of time t = 0 always occurs. Jordan frame and Einstein
frame formulations of GR are not alternative theories, but just alternative representations of the same theory [2].
Both these formulations are observationally equivalent. However observational evidence should be interpreted either
on the grounds of Riemann geometry (with constant units of measure) or on the grounds of Weyl-type geometry
(with varying length units of measure) depending on the formulation of general relativity we chose for modeling the
universe.
The result that the cosmological singularity may be removed (in some region of the parameter space of the theory) in
the Jordan frame representation of general relativity is very interesting since it suggests that the spacetime singularity
may be a spurious entity due to a wrong choice of the formulation of GR. The Einstein frame formulation of general
relativity is a classical theory of spacetime and it is the hope that the singularity will be removed when a nal quantum
theory of gravity will be worked out. In the Jordan frame representation of general relativity no singularity occurs
even without including quantum considerations.
In the present paper we shall further extend the results of [1] to open FRW universes lled with a barotropic
perfect fluid. We shall follow the symbology used in [1] so the magnitudes with hat will refer to the Einstein frame
magnitudes while the magnitudes without hat will refer to Jordan frame ones. For instance g^ab are the components of
the EF metric while gab are the components of the JF metric. Both these are related through the following conformal
transformation:
g^ab = e^gab; (1)
that can be interpreted as a particular transformation of the units of length, time, and mass [3]. It should be remarked
that spacetime coincidences are not aected by this transformation. Hence spacetime measurements, that are just
verications of spacetime coincidences, are insensible to the conformal rescaling (1). The function ^ in (1) is the




(R^ − (! + 3
2
)(r^^)2) + Lmatter; (2)
where R^ is the Ricci scalar given in terms of the Einstein frame metric g^, ! is a free parameter (the Brans-Dicke
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coupling constant), and Lmatter is the Lagrangian for ordinary matter that is minimally coupled to the metric. Under






(r)2) + 2Lmatter; (3)
where R is the Ricci scalar given in terms of the JF metric g and   e^. In this frame the ordinary matter is
non-minimally coupled to the scalar eld  through the last term in (3). Hence test particles do not follow the
geodesics of the JF metric. Their rest masses vary from point to point in spacetime. The Einstein frame Lagrangian
(2) for GR theory is naturally linked with Riemann geometry (with constant units of measure) while the Jordan frame
Lagrangian (3) is naturally linked with Weyl-type geometry with units of measure varying length in spacetime [1,2].
The eld equations derivable from (2) for open FRW universes can be reduced to the following equation for













where A  16 (1 + 32 )N , N and M are arbitrary integartion constants, and the barotropic index γ is in the range
0 < γ < 2. While deriving eq.(4) we have taken into account that, in the Einstein frame, the ordinary matter energy
density is given by ^ = 38
M












[(4− 3γ)a^3(2−γ) − 2A
M
]: (6)
Hence at a^ = 0 there is a curvature singularity which corresponds to the initial cosmological singularity. In fact,
with the help of eq.(4) for a^ 1, we nd that t  a^3. Hence when a^! 0, t! 0.
Our goal here is to show that this curvature singularity is removed when we ’jump’ to the Jordan frame formulation
of general relativity. For this purpose we shall rst study the Raychaudhuri equation for a congruence of fluid lines
and then we shall study the behaviour of the relevant Jordan frame magnitudes and relationships in detail. Finally
we shall study the particular case with A = 0 (! = − 32 ) for dust-lled and radiation-lled universes since, in these
cases, exact analytic solutions are easily found.
The Einstein frame Raychaudhuri equation for a congruence of fluid lines without vorticity and shear, with the
time-like tangent vector k^ = a0 , can be written as:
_^
 = −R^00 − 13 ^
2; (7)
where the overdot means derivative with respect to the Einstein frame proper time t and ^ is the EF volume expansion.
This equation can be nally written as:
_^







From it one sees that all terms in the right-hand side induce contraction and hence a spacetime singularity is
expected to occur (the global singularity at a^ = 0).
The evolution of the Jordan frame volume expansion, given in terms of the Einstein frame scale factor, can be easily
found from eq.(8) if we realize that  = e
^















a^4 + Ma^3(2−γ) + Ag; (9)
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dt. The ’+’ and ’-’ signs in eq.(9)
correspond to two possible branches of the equation (5). From (9) one sees that for the ’+’ branch of the solution,
the last term in brackets induces expansion.
We are interested now in the limiting case a^  1, since the singularity in the Einstein frame is found at a^ = 0. In


















(2 − γ) ]; (10)













































for 0 < γ < 2.
A carefull analysis of eq.(9) shows that, if we go over the range 0  a^  +1 beginning at big a^!1 and ending at
small a^! 0 then, for big a^ the rst three terms in brackets prevail over the last one and, consequently, contraction is
favoured until a^ becomes suciently small (a^  1). For A = 0 (! = − 32 ), when a^ becomes small enough, expansion
is favoured instead of contraction if we work in the ’+’ branch of the solution. In this case when a^! 0, ( dd )+ ! +0.
For arbitrary A > 0 (! > − 32 ), in the ’+’ branch of the solution, the last term in brackets contributes to expansion
and when
p
N  6pA there are not enough conditions for further contraction and the formation of a singularity is
not allowed. This last inequallity can be written as !  − 43 .
Summing up. If we choose the ’+’ branch of the solution (given by the choice of the ’+’ sign in eq.(5)) then,
when the coupling constant ! is in the range −1:5  !  −1:33, the equation for the evolution of the Jordan frame
expansion  (eq.(9)) given in terms of the Einstein frame scale factor a^, shows that conditions for contraction prevail
up to a time into the past when a^ becomes suciently small and then expansion is favoured. This suggests that
there are not sucient conditions for the occurrence of a spacetime singularity in the Jordan frame in the region
− 32  !  − 43 , 0 < γ < 2 of the parameter space.
For further analysis of what happen in this case we need to write down the relevant Jordan frame magnitudes
and relationships in terms of the EF scale factor. We shall interested in the behaviour of these magnitudes and
relationships for small a^  1 (when the condition for further contraction ceases to hold) in the ’+’ branch of the
solution. In this case the Jordan frame scale factor is found to be:











while for the JF proper time we have that
+  2e
























A = 6. Hence, if we choose the ’+’ branch of the solution, for
q
N
A  6, R+ is bounded for a^! 0. In this limit
a+ ! +1 while + ! −1. A similar analysis shows that for big a^!1; a !1 and  ! +1. For intermediate
values in the range 0 < a^ < 1 the curvature scalar R+ is well behaved and bounded. The Jordan frame scale factor
is a minimum at some intermediate time . Hence in the JF representation of general relativity, if we choose the ’+’
branch of the solution, the following picture takes place. If we restrict ! to t into the range − 32  !  − 43 and for
0 < γ < 2, then the universe evolves from the innite past  = −1 when he had an innite size, through a bounce
at some intermediate  when he reached a minimum size a, into the innite future  = +1 when he will reach
again an innite size. As illustrations to this behaviour we shall study the particular cases with ! = − 32 (A = 0)
for dust-lled and radiation-lled universes since, in these very particular situations exact analytic solutions can be
easily found.
For a radiation-lled universe (γ = 43 ) the equation (4) with A = 0 can be written as:
_^a =
p
Ma^−2 + 1; (18)




The Einstein frame proper time is constrained to the range |t|  pM orpM  t  +1 (the case −1  t  −pM











t2 −M ]; (20)











(t2 −M)3 : (21)
The relationship between the EF proper time t and the JF one (for the ’+’ branch of the solution that is the case
of interest since, in the ’-’ branch the singularity can not be removed) is given by:







t2 −M ]: (22)
A careful analysis of eq.(20) shows that a+ is a minimum at some time that is a root of the algebraic equation
t4 −Mt2 − N4 = 0. The curvature singularity occurring in the Einstein frame for t =
p
M is removed in the Jordan
frame, where R+ is bounded and well behaved for all times in the range
p
M  t  +1 (−1    +1).
For a dust-lled universe (γ = 1) the Einstein frame scale factor can be given the form:
a^ =
4M
2 − 4 ; (23)
where the time variable  has been introduced through dt = a^
2
M d and is constrained to the range 2    +1 (the










2 − 4 ; (24)











(2 − 4)2 : (25)
The curvature singularity occurring in the Einstein frame at time  = 2 is removed again in the Jordan frame
representation of the theory. The ’+’ branch scale factor a+ is a minimum at some  that is a root of the algebraic
equation 4 − 82 + 16M2p
N
 + 16 = 0.
Summing up. If we choose the ’+’ branch of the Jordan frame solution (! = − 32 ) given by the choice of the ’+’
sign in eqs. (20), (21), (24) and (25), both dust-lled and radiation-lled universes evolve from an innite size at
the innite past into an innite size at the innite future through a bounce at some intermediate time when these
universes reach a minimum size. No cosmological singularity occurs neither in the past nor in the future. In these
cases the open FRW universe solution is a cosmological wormhole [5].
Finally we would like to present some reflections originated by the results we have obtained in this and in the former
papers (references [1,2]). These results tell us that flat and open universes are free of the cosmological singularity
in the Jordan frame formulation of general relativity, in the given region of the parameter space (− 32  !  − 43 ,
0 < γ < 2). Both Einstein frame formulation with the cosmological singularity and Jordan frame one without them,
are just two dierent representations of the same theory: general relativity. Respecting experimental observations
none of these pictures is preferred over the other. However a question is to be raised. Is the cosmological singularity
a spurious object (an artifact) of general relativity due to a wrong choice of the representation of this theory?. While
trying to answer this fundamental question we should be very careful since experimental observations can not help
us. In fact, the Einstein frame FRW universe with the cosmological singularity and the Jordan frame FRW wormhole
universe are related through the conformal transformation (1) and experimental measurements are insensible to this
transformation.
However, as it is understood at present, the EF formulation of general relativity is a classical theory of spacetime.
Hence this formulation of GR can not take account of the global singularity at the beginning of time. It is expected
that, when a nal quantum gravity theory will be worked out, the cosmological singularity will be removed. Unlike
this, as we have shown for flat ( [1]) and open universes (present paper), the Jordan frame formulation of general
relativity can take account of the full (singularity-free) evolution of the universe in spacetime without resorting to
quantum considerations. It is true, however, if the throat radius of the JF cosmological wormhole is much greather
than the Planck length. Since the throat radius depends on the integration constants N , M , and ^0 this means that
appropriate initial conditions should be given.
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